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The subject of the earlier parts of this paper is immediately allied with the l^te 
M. Halphen's investigations in his Thesis, " Siir les Invariants Differentiels/' 
(Gauthier-Villars, Paris, 1878), and in his Memoir, ^^ Sur les Invariants Differen- 
tials des com^bes gauches" {' Journal de TEcole Poly technique,' vol. 28, cahier 47, 1880), 
and in the latter paper the word covariant is applied to a function having the 
character of the functions which are generally treated of in this paper. 

The connection is perhaps greater with a previous, and, I think, less familiar 
paper of the same author, " Sur la recherche des points d'une courbe algebrique 
plane, qui satisfont k une condition exprimee par une equation differentielle 
algebrique, et sur les questions analogues dans Tespace *' (' Journal de Math.,' 3rd 
series, vol. 2, 1876). I am not able to point out any paper which touches upon 
the actual investigation attempted in this paper, and the mode of investigation can 
not claim any resemblance to any of Halphen's work, and does not offer in itself any 
element of novelty. 

The subject of Differential Invariants has been further treated by Sophus Lie, 
** Uber Differentialinvarianten " (' Mathem. Annalen,' vol. 24, p. 564, 1884), and by 
Sylvester, in his lectures '' On the Theory of Reciprocants " (' Amer. Journ. Math.,' 
vols. 8, 9, and 10, 1886 and 1887). 

The literature on the cognate subject of Reciprocants has become extensive, several 
papers by Elliott, Forsyth, Hammond, Leudesdorf, and Rogers have appeared in 
the 'Proceedings of the Mathematical Society' (vols. 17, 18, and 19), and in the 
'Messenger of Mathematics' (vols. 17, 18, and 19). Of these papers, those of 
which the analytical method is most similar to mine are by Mr. Forsyth, " Homo- 
graphic Invariants and Quotient Derivatives" ('Mess, of Maths./ vol. 17, No. 10, 
p. 154, 1888); "On a class of Functional Invariants'' ('Phil. Trans.,' A, 1889, 
p. 71). I may also mention, as cognate matter, papers by Mr. Elliott " On the 
Interchange of Variables in Certain Linear Differential Operators'' ('Phil. Trans.,' 
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A, 1890, p. 19), by Professor L. J. Rogers, ^' Conjugate Annihilators ''(' Mess, of 
Maths.; vol. 18, p. 153-158, 1889), and by Major MacMahon, ^^ On Multilinear 
Partial Differential Operators" (^ Lond. Math. Soc. Proc.,' vols. 18 and 19, 1887 
and 1888). 

Starting with the mode of formation of Differential Covariants, I attempt to give 
greater prominence to the geometrical character of the problem of invariancy, which 
seems to have been prominent in Halphen's view of the subject, and hope that while 
the results are partly coextensive with the work of Professor Sylvester and others, 
they may still be complementary, and may be found applicable in investigating the 
characteristics of higher plane curves. 

I 1. General Statement of the Problem Considered, as far as relates to 

Plane Curves. 

Jf a plane curve is transformed by the general homographic transformation, the 
transformed curve remains of the same order and possesses the same perspective 
singularities. If we introduce no other complications we may say that H^lphen's 
Differential Invariants indicate properties which, if they exist at any point of the 
original curve, exist at the same point of the transformed curve. Any function of 
the differential coefficients at any point of the curve which, a definite factor pres, 
retains its form under the general homographic transformation is a differential 
invariant. I shall write these differential coefficients y^, y^, ^3 . . . . In this paper I 
introduce a curve, the current coordinates of which I write ^, 7?, and of which the 
equation consists of an algebraic relation between ^, t] and x, y , y^, 2/2? 2/3 — • • (^5 V 
being the coordinates of a point on the curve which I shall call the standai^d curve). 
Then, if this equation is such that, a definite factor pres, its form is unaltered under 
the general homographic transformation, I call it a differential covariant of the 
standard curve. 

Besides the sense in which a differential invariant has here been spoken of as 
indicating a perspective singularity at a point in a curve, it may, equated to zero, be 
the differential equation to a curve, each point of which has that singularity. (I here 
consider a sextactic point and other points of similar characteristics, as singular 
points for homographic projection.) 

A conic is one of the curves which, by a general homographic transformation, can 
be transformed into itself, so that any one arbitrary point can be replaced by any other. 
Hence, if V = is the diff'erential condition for a sextactic point, it is the differential 
invariant equation of conies, and if /(^, r), yi, y^, y^, V^ = is a covariant equa- 
tion of the second degree, such that when ^^x and r] ::=r, y we have ^^ = y^, rj.^ = 3/3, 
Tj^ = 7/3, 1J4 = y^, it is the equation to the conic osculating the standard curve at 
[x, y). Also regarding ^, y] as the variables and x, 2/, 2/i • • • ^^ arbitrary constants, 
it is the complete integral of V = 0. Generally the differential covariants will 
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include the integrals of the different ial-invariantal equations, provided these integrals 
are rational, integral, algebraic functions. 

Having found a co variant curve, its polars, as well as its ordinary co variants, will 
be included among the differential-covariant curves. 

To find the degree of contact with the standard curve, we substitute for the 
co variant ^ -- x = h, rj '— y = yji + yj^^/^ ! + &c., if the equation is identically 
satisfied by rji = y^, tj^ =^y% . . . , as far as the coefiicient of h^^ the contact is of the 
^th order. Equating to zero the coefficient of h^ "^ ^ we obtain the condition for contact 
of the n + 1*^^ order. Since this condition is generally capable of being satisfied, and 
since the relation is unaltered by homographic transformation, the coefficient of ^^"^^ is 
a differential invariant. 

The first section of this paper investigates the conditions which must be satisfied in 
order that (except as concerns a factor), the form of a function may be unaltered in 
consequence of any homographic transformation whatever, and linds the form of the 
factor. 

The results are given in the equations (15). 

In the second section, the relations of certain partial differential operators Xlj, H^, 
and O3 with one another, and djdx are considered. A method of eduction of 
covariants is established, and a method of development of a covariant from a source 
or matrix, as well as a process of eduction of matrices. The matrices are shown to be 
dependent upon differential invariants and two fundamental matrices % and Lg, and 
from the mode in which these enter, the order of the covariant can be predicted. 

This section prepares the way for the application of the theory in the two last 
sections. 

The third section deals with the dual reciprocal relationship between the operators, 
and the deduction of reciprocal and contra variant functions. 

The fourth section contains applications to the cubic of the methods which have 
been considered. The equation to the osculating cubic is determined when the cubic 
is non-singular, nodal, and cuspidal, and the differential equation in each case found. 

The fifth section takes a new view of the subject. It is shown that the position of 
any point which is '' homographically persistent " with regard to the standard curve 
(which, for example, is a point of intersection of two curves which are each 
covariant) is determined by the ratios of three difterential-invariant functions. 
These can therefore be considered as invariantal coordinates of the point. It is also 
shown that there are similarly invariantal coordinates of a line, and the relations of 
these line and point coordinates are investigated, showing that the general methods of 
higher geometry are applicable to the novel system of coordinates. 

The condition that the point should lie on a covariant curve is now given in terms 
of the invariantal coordinates by an equation in which the coefficients are the 
differential invariants which determine the character of the curve. For this reason I 
call it the intrinsic invariantal equation to the curve. 
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Also the invariantal coordinates are connected with the ordinary coordinates by 
relations having the form distinctive of a homographic transformation. And there- 
fore, regarding the invariantal coordinates as ordinary coordinates, the curve 
represented by the intrinsic invariantal equation has all the perspective singularities 
of the original curve. No attempt is made to show the application of this method to 
the difficult case of the quartic, but several well known theorems regarding the 
cubic are shown to be arrived at without difficulty. 



1. 



1. In general, the complete curve of the d}^ algebraic degree is completely deter- 
mined by (i (c? + 3)/2 {= r) points, and if the coordinates of these points are known, 
the equation to the cyrve can be written down in the form of a determinant, thus 



J (x^ y, . . ,) — 



^^ t 






X 



d 
1 J 



■d-\ 



V'^ 



x^ ^y, 



ft 9 • 



e ft » 



X 



d-l 



Vv. 



= 



If a general homographic transformation of the coordinates be now made, the form 
of the function will be unaltered, except by the introduction of a factor. 
Denote the transformation by 



a; 



y 



1 



AjX + BiY + Cj AgX + BpY + C^ AX + BY + G 



. . . . (1) 



with similar relations for | and 77, except that we may retain the letters ^, t], in the 
transformed equation without causing inconvenience. 
Thus 

f{x, 2/, . . .) = D ^(^ + 1) (^ + 1) (Af + B., + C)-'^ (AXi + BYj + C)"'^ . . . 



3! 



X/(X,Y, ...). 



We may also write 



J \x, y, , . .) 



(i-xY, {^-xy-^ {v-y)> 

(«i - xY, {xi - xY~^ (2/1 - y), 



^ 



^j 



iA/l 



-n — y^ 

X, yi - y, 



... 



Imagine the r points now moved up into coincidence at x, y^ subject to some 
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geometrical condition, such as that of moving along an arc, free from singularities, of 
a curve of degree not lower than the (i*^ 

The equation to the resulting curve, which will osculate the assumed curve at the 
chosen point may now be deduced. Most easily, write 



2/3 



2/3 



For further simplicity, write tt — p fov t] — y — y^^ {^ — cc), so that 



Vz 



and transform the determinant so that, in the first row 7) — y may be replaced by tt 
To fill up the several columns in the determinant we write under (^ — i^)^ (tt - 
the coefficients of h^, h?^ . . , in the expansion of h^^ (tt — p)i^* We thus obtain 



-P 

pY 



J (x,y, , . . j — 



{^ — xY, {^ — xy-^ (tt — p), ... {$ — x){tt—p), ir—p 



0. 



0, 



0, 



0, 



• • • 



0, 



• • • 



5>!' 



2! 
2! 



The transformed equation is affected in the same way, so that 

f{x, y, . . .) = D''<''+i>^'^ + ^^/»' {M+Bri + C)-'^{AX + BY + C)-'^^''-'''' 

i^-xy, {i-xy-^7r--p), ... ^-p 



w TTc? {d + l)(d + 2) {d + 3)/8 - d (d + 3)/2 



0, 
0, 



0, 
0, 



0, 






2! 
2! 



Now write the determinants shortly 



f{^ — x,Tr—p,y^...) and /(|^ — X, tt — P, Yg . . .). 

Also 

'E.lh=:dXldx = ii?\-^ 

where 

AX + BY + C = ja. 

(AX + BY + C) (Ai + BiYi) - (A^X + B^Y + Ci) (A + BY^) = X 

Also write 



■^ 



>' (2). 



1176 MR. R. F, aWYTHER OISI THE DIFFERENTIAL 

Then 

X / (^ "" -A-j '77' ■"" -L J ^ 9, * ' * ) ' ' • * " • " ' • " • (0(X), 

To put the multiplymg factor in a more concise form, we will use Halphen's 
nomenclature. If a term contains the diflPerential coefficients y^, y^ > . ., we will call 
the number of differential coefficients in the term its degree, and write it d^^ and the 
sum of the indices of differentiation its weight, and write it %u. 

Consideriug the transformation to be made in the ultimate form of the equation, 
we see that 

2/3 = D/x^X-'^Yg + &c. 

yj, =: D/x^^^-iX-(^^+i)Y/, + &c. 

From the mode of formation of the determinant, the degree of the terms in each 
coefficient oi ^ — x and tt — J9 is uniform, and their weight is uniform, so that we 
may consider the weight and degree of each coefficient. 

Let da; and id denote the degree and weight of the coefiicient of the highest power 
of TT — p in the expanded determinant:. 

We thus determine the multiplying factor to be 

T)tZ + dx \ — (c? + dx + 10) . 2w — dx jj—d 

From this we conclude that 

a + a. = 'J^i±^fL±^ 

d(d + l)(d + 2) (3d + 5) d (d -f 3) 
'^- 4! 2 ' 

results which can be verified by arranging the terms in the determinant in descend- 
ing order and summing the quantities required. 

It is also easy to see that if (i^(m, n) and tv{m, n) are the degree and weight of 
the coefficient of (tt — py-^^ (^^ — x^ 

d:^ {m, n) = c4 + ^ 

w (m, n) = IV — n^ 

or the determinant is a homogeneous function of tt — jp and of the differential 
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coefficients (independent of their order), and that the difference of the weight of the 
coefficient of a term and the index of the power oi ^ -— x which it contains is uniform 
throughout. 

These determine the character of the general equation of a curve of the cF" degree, 
osculating a given curve, the order of the highest differential coefficient being 
d{d + 3)/2 — 1. 

In its differential equation the degree is greater than this value by d, the weight 
by ^d {d + 3), and the order by 1. 

If the curve has any imposed condition, such as the possession of a double point, 
these criteria are altered. 

2. Determination of Differential Covariants of Plane Curves. 

Abandoning the condition, as yet imposed, of considering the equation to an oscu- 
lating curve, the question proposed is to examine the conditions, both simple and 
in the form of linear partial differential equations, which ^(^ — x, t] '— y, ^/u 2/2? • • •) 
must satisfy in order that it may become 

jya^a. ^^(M.^.) ^2.-a. ^-a y^^ _ X, 77 -- Y, Y^, Y^, . . .) . . . (36) 

under the general linear homographic transformation stated above. 

The condition that d!^ and w are necessarily connected with d, by the relations 
just found, will not be required, but they will serve as criteria for recognising 
general cases. 

The simple conditions are exactly analogous to those found by Halphen for 
Differential Invariants ('These,' p. 21), and result from the same simple transfor- 
mations. 

1. From putting cc =: X,^'= ^, 2/ = B^Y, 77 = B^tj, we conclude, as before, that the 
function is homogeneous in tj -- y and the several differential coefficients oi y. 

2. From putting x = A^X, ^ = A^f, y = Y, rj = rj, we conclude that the weight 
of the coefficient of each power of ^ — a? is uniform, and that this weight diminished 
by the index of the power of ^ —- cc is uniform throughout the function. 

3. We have chosen the form of the expression, so that we draw no further 
conclusion from a mere change of origin of coordinates. The form of the multiplying 
factor as well as that of the function might have been found from the method which 
follows, and its correctness is established from it. 

To obtain the linear partial differential equations which the functions must satisfy, 
we consider infinitesimal transformations. Being infinitesimal we may consider 
them separately. The transformations are four in number. The first two would 
apply to a general infinitesimal Cartesian transformation, and so the results are 
the partial differential equations suitable to that case. The other two only concern 
our more general transformation, and, as we shall see, the results have a different 
character from those of the first two. 

MDCCCXOIII. — A, 7 I^ 
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Write 

x = X, ^= t :^ = Y + eX, 7; == 77 + ef, 

where, € being infinitesimal, we shall only retain its first power. 
Then, by hypothesis, 

/(£ — a?, y} — y, 2/1; y%. . . .) —f{^ -- X, 7; — Y, Yi, Y^, . . .). 

Also expanding by Taylor's theorem 

f{^-x, y]-^y, 2/1,2/2,...) 

=:/(f -- X, ., -- Y, Y„ Y„ . . .) + ^ {(^ - X) g^^ + ^^ 

Therefore 

Hence we come to the conclusion we arrived at before, that 

77 — Y and Y^ only enter in the form 77 — Y — Y^ (f — X), or tt — P. 

We shall now reintroduce tt — p, and write the functions 

f{^ — X, TT -- p, 2/2^ 2/3? • • •)/ <^<^- 

The method we have used here we shall use in the other cases. We evaluate the 
multiplying factor to obtain one expression for /(f —- ^j tt — - j), . . .), and obtain a 
second by expanding the function in accordance with the transformation considered, 

3. Having now introduced it — p, we shall treat the other infinitesimal trans- 
formations by a more general method. 
Consider the homographic transformation 

X y \ 



X + B^Y "^ Y AX + BY + 1 

where B^, A and B are indefinitely small quantities whose squares and products will 

be neglected. 

Thus 

X=:zi+BiYi + B(Y-»XYi) 

/x=l + AX + BY 
^=14- A^ + B'^ 
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SO that the multiplying factor 

=,l^(d + d, + w) {BiYj + B (Y - XYi)} 
+ {2w ^ 4) (AX + BY) 

4. Determination ofY^. 

The dependent variable is supposed to be connected with the independent by some 
relation, say 

so that y^i/n ! is the coefficient of h^ in the expansion of (f> {x + h). 
The homographic relations may for our present purpose be written 

i^ = X + BiY ~ X (AX + BY) 

2/=:Y«Y(AX + BY), 
whence 

Y = (/) {X + BiY - X (AX + BY)} + Y (AX + BY) . . . 

where on the right-hand side Y never appears except when affected by a small 
coefficient. 

Now write X + ^ i^ place of X, and consequently 

Y + YjA + &c. + ^ h^ + &c. {=Y +xIj) for Y, 

the coefficient of h^ in the resulting expression on the right is then 



Yn/n 1. 



But this expression may be written 



^ [x + h + B,xp - (2AX +BY)h-- BXxjj - Ah^ - Bhxjj} 
+ Y (AX + BY) + A (Xi// + Y^ + hx};) + B (2Yt/; + f). 
Hence 

Yj = y,{l+ BiYi - BXYi ■- 2 AX - BY} + A (XY^ + Y) + 2BYYi, 

and generally Y^/n 1 = the coefficient of h^ from 

7 L 2 
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t y^h^-' [h + p {B,t|; »- (2AX + BY) ^ -^ BXi/i »- AP - B^i/i}J/p ! 



+ A 



-1, n 

-f- JD 






ni 



r2TY. 



« 



^t— 11 



+ s 



^ -^ n~p 



= ^,, {1 ■— 71 (2AX + BY)}/n ! 
+ Bj S ypY,^_^+i/p -— 1 ! ti •— jp + 1 ! 

XY. . Y_t ■ Y 



+ AJ^*+ "^-^ 



n~l 



i T> 
•7- J3 



2YY. 



7^ 



1! 



n -21 



n 



(p - 1) s --^^"=S 



X5? 



Vp J- ^^-. 



53+1 



p — 11 ?2, •— J9" + 11^ 



In the small terms we may substitute Y for y^ and thus obtain 



% 



n 



+ A { {2n — 1) XY;^ + ^^ (^ 
+ B{(n-2)YY^ + S(p- 



"2)Y.,.a 



(5), 



where by S we denote that all possible values of i? are to be taken from 1 upwards. 

5. Determination ofir--p and £ — a;. 

IT — p stands in place of 7; — y ■— ^/i (f "^ ^)> ^^^3 upon transformation, r) -— y 

becomes 

ri^Y^A{{i'-X){ri-Y) + X{ri^Y) + Y(f « X)} 

^B{(^-^Y)^+2Y(.?^Y)} . 



« ft 



• • • 



» « 



(6), 



^ — X becomes 



and yj^ becomes 



f -— X + B^ ('j; — Y) 
-A{(f-X)2 + 2X(f ~X)} 
--. B {(I ^ X) (^ - Y) + X (7? -« Y) + Y(|^ ~ X)} 



* > • 



in 



Yi - Bi Yi^ + A (XYi - Y) + BYi {XYi - Y) (8), 



therefore tt — p becomes 



^ _ p _ BjYi (tt - P) - A {(f _- X) (tt - P) + X (tt - P)} 
- B {{tt " P)^ + Yi (tt - P) (f - X) + (2Y - XYi) (it 



P)} . (9), 



and ^ — X becomes 



f _ X + Bi {(tt - P) + Y' (£ - X)} 
-A{(^-X)«+2X(f-X)} 
-B{(f-X)(7r- P) + Yi(#-X)^+X(7r--P) + (Y + XYi)(|^-X)} . (10). 
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6. Deduction of the conditions in the form of linear partial differential equations. 

For this purpose, it will be convenient to consider the independent parts of the 
conditions separately, and the headings of the paragraphs indicate the portions 
considered. 

Bi only. 
Multiplying factor = 1 — {d + d^^ + '^) BiYj 

77 — ^ becomes tt — P — B^Yi (tt — P) ; 

^ - 0) becomes ^ - X> B^ {tt - P + Y^ (f - X)}. 

- Y: (— P) 3(;^) + !- - P + Y, (I - X)! j^j 



Therefore 



Since Y^ does not occur explicitly in the function, we must equate separately the 
parts which contain Y^ and those which do not contain it. The symbol S will now 
be used instead of % to denote that Y^ does not occur within the summation. 

Thus 

Since / is homogeneous of degree d -^-d^m tt — V and the differential coefficients, 
we may write the first of these equations 

of+ (^ — ■ X) g _ -^, = S^Y^ ^ . . • , . • (12), 

which expresses analytically a condition already found. 

There is no other condition necessary in order that a function may be a co variant 
for the ordinary Cartesian transformation, which leaves the relations of a curve with 
infinity unaltered, that is for a change of coordinates. 

To proceed, we have 
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Multiplying factor 



A only. 



■ « ■ m m 

Hence 



y^ = Y» + A {{2n — 1) XY^ + w (« — 2) Y^.j}, 
^ - a; = ^ - X - A {(I - X)^ + 2X (^ - X)}, 
,r - ^9 = TT - P - A { (f - X) (tt - P) + X (tt - P)} . 



X)^+ 2X(|^- X)}g-^|^^ + {(^- X)(^ _ p) + X(,r 

9/ 



-P)} 



3/ 



8 (tt - P) 



- :S {(2n _ 1) XY, + w (n - 2) Y„_i} 3^ 
= {c^ (1^ - X) - (2w - c^ - 4) X}/ 

The only new condition arising from these terms is 



3/ 



3/ 



(l^-X)|(^-X)g^^ + (^-P)g-^^-c^/|=Sn(«-2)Y._,^^ . (18). 



8/ 



Lastly, 



B only. 



Multiplying factor 

- I -{-B {{w - 2d - 2d^)Y + {w -{■ d + d^) XY^ - d{ri- Y)} 






|-X-B{(^-X)(7r-P) + Yi(|-X)H(Y + XYi)(^-X) + X(^ 

: ^_ p _ B {{tt - P)3 + Yi(7r - P) (^- X) + (2Y -XYi)(7r- P)} 



P)} 



therefore 



{(^-X)(7r-P)+Y,(^-X)2 + (Y + XYi)(^-X)+X(7r P)} 



+ {{it - Vy + Yi (tt - P) (^ - X) + (2Y ~ XYi) (tt - P)} 



s/ 



3 (I - X) 

3/ 



S {(^ - 2) YY, + S(p - 1) .C,Y^Y,_^ + XS«C,_iY,Y„_^^i} 



a (tt - p) 

3/ 



i' + lJ 9Y 



n 



= {d{7)-Y) + {2d +2d,-w)Y-{w + d + d,) XYi}/ 
We have again repetitions of previous conditions with the sole new condition 
(^-P)|(^_P)^-^ + (^_X)g^-c^/}=SS(p~l).C,Y,Y„.^ (14). 



OOYARIANTS OF PLANE CURVES. 1183 

The capital letters may now be conveniently replaced by the smaller type, and the 
equations of condition written 

(tT — • p) g-, ^ = bb n^p^lVpyn^p^i g^ (A) 

(f_^)|(J_,)^ + (,_^)g-^_rf/} = S»(«-2)j/.-.| . (B) 



(- -p) {« - '=)i^) + (" -rta^ - V 



also 



3/ 

SS(p™ 1)^0^2/^2/^^^ g^ (0) 



> 



(16), 



»/+(f--)a^ = S«y.|^w/ («) 

and 

of which equations the last two will be identically satisfied by any functions which 
follow the laws of weight and degree which the simple conditions impose upon a 
CO variant. 

We may call these the form, weight, and degree conditions, respectively. 

[A precisely analogous process may be applied to the covariants of surfaces, as is in 
this paper used for plane curves. 

If we, in this case, write tt — p io stand for 

and c^,,^ for 

the set of conditions corresponding to (15) are 



f)f df 

iv - y) a'(fz^) = ^^^^ (^ + ^) ^^+1.^-1 a^ ' 
(^ " ^) a7^'37) = ^^^^^ (^ + ^) ^*"^-i'"+i a^ ' 

\7T P)'57t~Zr^ ^^^ ^m^n ^p^^P(^p,q (^m^p i-l ^-^ ^ ' 
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(f-^){(^-«^)3^ + (>?-2/)9^ + (--p)a( 



3/ 



-rr—p) 



df 



df 
S„S„ {m+ n — 2) Cm^j^^n ar~ » 



9/ 



3/ 



3/ 



(^ - y) \{^-x) g^^3^ + {.? - y) ^^^ + (^ -P) 9^_-) - ^/ J 



q q 



m^^n 






(tt - p) |(f - cc) 3(^4^ + (^ 



y) 



a/ 



9/ 



— - yojn^fi h^p\Og/ y J) "T" (£ ±j ^p,q Gm—p^ 



-J— (jp an*. ^ ) - 

0/ 



^/ 



flmm,q ry 



'm.n 



and 



(tt-p) 



(^ - x) 



3/ 



o (tt — p) 

3/ . 
3 (f - *) 

3/ 



— - \^(X' -J- U/^jj ^m^n ^m^n ^ 



3/ 



'm.n 



— qj^j -|- o^^p^ ^ Gm^n ps 



3/ 



''m « 



3/ 



The coefficient of the highest power of tt — pis not only isobaric in x and in y, but 
is homoiobaric, of weight iv, in a? and y. Also oJ^ denotes the degree of that coeffi- 
cient, d denoting the algebraic degree of j^ 

We have, as in the case of plane curves, a theory of deduction from a matrix, and 
a theory of eduction (in the form of a Jacobian function) of both matrices and 
invariants. 

The subject is quite similar at all steps to the investigation for plane curves in this 
paper, and offers little additional interest except in the solution of the differential 
equations which the matrices and invariants satisfy. By solution we can verify 
Halphen's statement in the last paragraph of his thesis (p. 60). 

There is an invariant of the second and of the third order, two of the fourth and 
six of the fifth. There are three matrices, not invariants, of the fourth order, and a 
system of invariantal coordinates (§ 5 below) can be formed. 

The theory of covariants of twisted curves is sufficiently different to merit a 
separate investigation, but the germ of it already exists in Halphen's paper (quoted 
above) ** On the Invariants of Twisted Curves.'* 

The conditions for covariants of surfaces given above, include those previously 
obtained by Mr. E. B. Elliott, *^ On Ternary and ^-ary Eeciprocants,'' ' Proc, 
Math. Soc.,' No. 262, IQU.— August % 1893.] 
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§ 2. On the Conditions of a Covariant Function, and on the modes of Eduction 

and Development* 

7. The Form Conditions. 

The equations (A) (B) and (C) determine the form of the covariant functions ; we 
will write them respectively 

(0, - nO/= (A) 
(0,-a,)/=o (B) 

(03-n3)/=o (C). 

where 

Oi = (jT- — p) ^pZTx) "i - SS'A-iM«-;»+i 9^^. &c. 

Expanding the expressions for O.^, D,^, and Ojj.we obtain 

^ ^ 'A p\ 

'' Oi = 3^/ g— + IO2/22/3 g^ + (152/22/4 + IO2/3') 9^_ + (212/^2/5 + 352/32/4) g^ 

+ (282/22/6 + 562/3^5 + 352//) g^ + &c- 

^ ^ ^ ■ /^ P) 

* «. - 32/2 gy^ + 8.V3 g- + 1 52/. g^ + 242/3 ^^ + 352/e g^^ + &c. 

^ ^ '^ p\ 

«3 = 62/2^3— + 302/22/3 g^ -+ (60.^22/^ + 4O2/3') ^ + (1052/2?/5 + 1752/32/4) g^ 



7 



+ 42 (42/3^6 + 82/32/5 + 52//) g^^ + &c. 

Relations between the Operators in the Form Conditions. 
It is easy to prove that we have the relations 

(Oi - no (O2 - n,) - (O2 - n,) {0, ~ a,) = 0,--n, 

(O2 - ^2) (O3 - "3) - (O3 - Og) (O2 ~ 02) = > • • (16). 

(O3 - XI3) (Oj - fli) - (Oi - "1) (O3 - "3) = 

* The operators Qg and Q^ are considered most conveniently in tlie form (25). 

O3 = is tlie partial differential equation which is satisfied by invariants in the theory of forms, and 
Q^ = was established! for reciprocants by Professor Sylvester, in his lectures f On the Theory of 
Reciprocants " (' Amer. Jour. Math.,' vol. 8, p. 238). 

I have not been able to consult a paper by Sophus Lie Q Mathem. Annaien.,' vol. 32), in which I am 
informed that this operator is applied to kindred purposes. — August 2, 1893. 

MDCCCXCIII. — A. 7 M 
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8. Relation between the operator and djdx. 

In the functions under consideration^ x and y only appear in £ —• x^ w 
differential coefficients. 



ence 



^ 



here 



and 






d 



9 (^ — - -x) 



y^ a - ^) 



8 (tt -- p) 



-f- fe|/; 



_3 



n 



= D.^ + 8,^., say, 



JlJ V ' ■^™" 



.^' 



"" S^2 lb* — ^; g 



^.■a? — 



8 (^ — ■ w) 

o 

hyn^l ^ 



{it -f) 



|>j and the 



t • 



. (17). 



None of the operators Oj^, O^, Og, contain 8/8^^3. Also we have to bear in mind that 
the functions do not contain ^ (except so far as it enters through tt --p), and there- 
fore, in dealing with general terms, we must exclude ^^ when it makes its appearance 
as if a derivatiye of y^. 

The division of djdx into two parts makes the steps somewhat easier, and the final 
results are 



(Oi 






(O3 - O3) 
(O3 - fig) 



dx 

dx 
d 



d 
dx 

d 

dx 
d 



CvX (ajX 



(Oi — Xlj) = 2/3 (ly + c/ + d,) 

(O3 - fig) = (Oi - fli) + y^ (Oa - fig) 



> . . . (18), 



Hence if / be a co variant, satisfying the necessary conditions, and if /' stand 
for dfjdx, it follows that 

(Oi - Oi)/' = - y^{w-\- d -\- d,)f 

{0,-a,)f'^-{2w-d.)f 

(G3-«3)/' = 



P* » • • • « I.Lft/^» 



ow f^ satisfies the condition as to weight and degree necessary for being a 
covariantj simply cl and d^. remain unaltered, while ty is increased by unity. 
Hence if the weight and degree of/ are such that 



ic; + cl + ^^ = 



2'W 



then/' will also be a co variant. 
We are thus led to the 
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9. Theory of eduction of covariants. 

This theory is clear from what has preceded, but, to give it its simplest form, it is 
best to return to the preliminary conditions for a covariant. 

If (^ is a covariant, such that i(; + dl + ^^ = and 2^(; ■— c?^ = 0, the multiplying 
factor is D"^^"^" v"^^ and we may write the relation 

Then 

^±^^3 = D^+^^- X- v^^ ^"^ ^ . 

dx dx dX. dX. ' 

Hence d<j)/dx is a covariant in which d and d^ are unaltered and lu is increased by 
unity (3). 

Before making use of this theory of eduction it is necessary to find a method of 
finding some covariant functions from which the eduction must be made, and the 
method now to be explained will in general supersede this mode of eduction. 

10. Method of development f^om a matrix. 

We have, however, another method for the formation of a covariant, namely, 
directly from the differential equations. 

Let d-m^ stand for the collection of terms algebraically homogeneous, and of degree 
d — m^ and let d-m4^o> d^m4^i, d^m4^^ stand for the coefficients of terms containing 
(^ — xy, i — X, (^ — xY among these homogeneous terms. Then, amongst these 
terms (15a) gives the law of derivation, namely, 

('? + l)<^y + i = «]</>. (20), 

a law which is independent of c? — m, and for all values of d — m, Hi d^m'^d-m = 0. 

Hence, if we know ^^q, the coefficient of the highest power of tt — p, we find all 
the terms of the #^ degree. 

11. Modes of derivation of homogeneous terms from those of a higher degree. 

The conditions (15b) and (15c) give us two modes of derivation, which imply the 
existence of certain relations and conditions. 
We have from (15b) and (I5c) respectively, 

(^ - X) {d^i^ + 2 d-2^ + . . . + (^>^ + 1) d-m^l^ + . . .} 

+ 0, {^<l>+^^i^+ . . . +^^^^^ + . . .} z= . .... (21), 

{jr — p) {d^i^ + 2 d^^^ + . . . + (m + 1) d^M^i^ + . . . } 

+ fl3 {d^ + d^l^ + . . . + d-^n^ + ...} = (22). 

7 M 2 



1188 MR. R. F. aWYTHER ON THE DIFFERENTIAL 

Or, 

(m + I) (^ — X) d-m-^i^ + O3 cl-m^ = 0, 



and from these we again conclude 



(m + 1) d^m^l^q + ^%{d-.m4>q + \) = ^ 
(W + 1) d^m^l<i>q + % (d-.?f4q) — 



'*.»«.• IZOy. 



From (20) we deduce that 

{n,n,^{q+i)n,]4>,^o (24). 

That this is an identical relation among the coefficients appears from considering 
the operator. 



which 



and ultin)ately 



But 



Hence 



{n.a, -- (q + I) n,] n,^ 



= Oj {OiO^ — (? — 1) ^3} ^/"^ 
&c., 



There is then no further condition to be satisfied among the coefficients in the 
expansion. The importance of this will be seen later in the development of 
covariants. 

12. The order of derivation is symbolised by a chart of the coefficients, with arrows 
showing the direction of derivation. Thus : — 



/ 



• « • 



d-sfo - — ■*■ a-^fi *■ d-z'p2 • • 
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where 

— >■ denotes deduction by the operator fli, 

// J? ?J ?5 J5 ^-^3? 

^ JJ JJ JJ JJ ^^33 

in which we can easily trace the relations (16) 

ui^-iuZq —— \lZqai/-i • 

According to this mode of procedure d^o is the matrix from which the other 
coefficients in the covariant are developed. It is necessary that d^o should be 
a homogeneous isobaric function of the differential coefficients satisfying the differential 
equation ^c^f= 0. It is also essential that it shall not be an invariant as then no 
development ensues. Taking the solution of O^/ = 0, including only differential 
coefficients up to the fourth order, we obtain 2</>o = ^V^V'^ "" ^Vi^ ^^^ ^^^^^ ^^ ^^^ 
general covariant of conies may be developed. 

13. General solution of H^f ':=. 0, and theory of eduction of matrices. 
Confining ourselves to the coefficients in the covariant functions, the equations (18) 
may be written 






>-...... (18a). 



^ 



Hence, if ^ is a homogeneous isobaric function of the differential coefficients such 
that Xlg*^ = 0? then 

% :^ = (2^^ - ^^) ^' 



dx 

and if the weight and degree of ^ are such that 2ui = d^, then dcfy/dx also satisfies 
the same differential equation, and it is homogeneous and isobaric. 
The solutions of ilc^f= up to the fourth order are 

^/^and 3.%2/4 - iy^^ ; 

from these we form, so as to satisfy 2tv — d!^ =: 0, 
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and obtain from it by differentiation the educt of the fifth order 

^yiy^ - 45^/32/32/4 + 4o?/3^ 

which is the differential invariant of conies, and does not produce any covariant by 
development. 

By this process of eduction, a solution can be found for each order, but it is 
possible to find a simpler series of solutions oi Q^^f =^ than those thus obtained. 

14. Extension of the theory of eduction of matrices, 

Tf </> is a matrix, and if we write ^^ ^g, &c. for d^jdx^ d^ijyjdx^ &c., it is easily seen 
that 

^2<^2 = i f«3 x) + (2^'' - d, + 2) <^i, 



Similarly, 



Ll/tV \ Cvvb 

— 2 (2^^ ■— d,, + 1) (jf)p 

OgCj^g = 3 (2i() ■— d.j, + 2) ^2, &c., 
Vl^^,, = n {2io — d^ + n — 1) (j&,,_^, 



where lo and cs?,^. are the order and degree of ^. 
Hence 

(2^ — (i^) (^^3 — {2w — 4 + 1) <^i^ 
and 

{2iD — (i^,)^ ^^(j^g — 3 {2w — c?^.) {2iv — rf^. + 2) ^(j&i<if>3 + 2 (2t(; — d^ + 1) (2?^; — o?^. + 2) ^^ 



3 



are matrices, and are of the form of the matrix and differential inva.riant of conies. 

Generally, if ^ and i// are two matrices, and if a and ^ are the respective values of 
2w -- dr, for each, 

is a matrix. 

Convenient forms of the differential equations and of the irredncible matrices. 

In obtaining the differential equations of condition (15), and in considering the 
method of eduction by differentiation, there has been a convenience in retaining the 
dijFerential coefficients y^f ^3? ^^'p but the forms of the equations ^0/= 0, and of their 
solutions, are simplified by replacing them by a^^ a^^ &c., where 

We thus obtain (15) 
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O, = 



7) r) 7) f) 

+ (Sa^ag + Sagag + 4(x/) ^ 1- &c. 



dcir 



p2 — 






y . (25), 



a 



a 



^ u u 

+ (Sag^g + 6a3a5 + 3(x/)^ + &c. 



The irreducible matrices of even order are easily seen to be 



^ 



^Ho — - OCo 



u, = 



'4 



U 



6 



% = 



dicsQ/A "~~" 


^3 


%^6 


4a3(X5 + 3 a/ 


^2^8 ■"" 


Gaga^ + ISa^ag 



^ 



lOa.^ 



(26), 



and, generally, when n is even, 



u 



n 



GjoCifi """ y% "— -^j a^f^n — X 1" 



(ii -2)(«, - 3 ) 
1.2 



Ch^n — 2 



&C., 



the last coefficient being half of the value as appearing from this series. 

The matrices of odd orders are found from these by the last form of the process of 
eduction and are 



u^ zzi.a^a.^ — Sa^^a^ + "la^^ 



Uq = a.^a^ "— la^a^a^ + 9a2%a7 — 5%a5(Xg + 12a3^a7 — ^^a^a^a^ + 2^a^a^ 



\ • (27). 



From these it follows that 



aZo'W'o — — 





O37/4 = 


«2^ 


Hgt^g 





Og'^ig = 


1 0^^2^(4 


l.Lov{/ri ^^ 


7«2M6 


Ogi^'g 


21UciVg 




IGu^u^ 



> 



&c. 



(28), 



-/ 



1192 



MR. B. F. aWYTHER 01^ THE DIFFEREISTTIAL 



and 






= 



1 







WQ uZ-jOt" 



9 



— % + 10t^4,a3 



(29). 



15. Reduction of the matrices to fwictiom of differential invariants, and two 
findamental matrices of orders 4 and 6. 

On the reduction which is now introduced depends the possibility of making the 
subject of this paper an instrument of research into the character of the higher 
curves. 

For every order higher than the third, there is either a possible matrix or a 
differential invariant, and for every order higher than the sixth there is a differential 
invariant. Of the third order there is neither, and of the fourth and sixth orders 
there is no differential invariant. Every function of differential coefficients can be 
expressed as a function of ^g, matrices of orders 4 and 6, and differential invariants, 
and if the function is itself a matrix it will not contain %. 

As a first step, I replace the irreducible matrices of the sixth and higher orders, by 
matrices of homogeneous covariants, that is, by functions of the irreducible matrices 
which satisfy Hg/^ 0. 

As far as the 9*^ order these are the irreducible solutions of 



and are 



diu d%i, 







XJa 



%L 



3 



T 






CvXvn Ct'lvQ CvZlq 



'4 



7i6 



5 



21-1^, 



'6 



16'^^^ 



L 



8 



From these again we find 



'^3 '^6 


5z^/ 




t^o Uiy "~" 


7u^u^ 




2 8 *~~" 


21u^u^Uq 


+ 7^0^ 


?^2 ?i/Q 


l&U^U^Uq 


— • 30%%5t^g + 206%^% 


3 find 








Ojjg = 


~ 1^2 '^% 




12-j^ 1 iq - 


- - 2uiL, 




fi'iLg = 


ZZL — - Otlt^ 1 iq 




O^Lg = 


= — 4m/L8 . 



>• . . . . (30). 
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From which we find the differential invariants of orders 7 and 8 convenientlj in 
the forms 



U 



7 



~r 



L 



2 



6 



1 



Ug t^g XJg OU^IJqIjij -f" 21jq y . . . . . , (^1/3 



which present the same forms as the irreducible matrices of order 4, 5, and 6. 



16. The differential coefficients of the irreducible matrices, and of the quantities 
by ivhich they are replaced. 

In this section of the paper the relations between the matrices, &C.5 are behig 
investigated for the purpose of use in the next section. 

The differential coefficients of the irreducible matrices of even order are readily 
written down, and those of the matrices of odd orders with rather more difficulty. 
Thus 



and 



^ dx 


dit. 
^ dx 


dun 
^ dx 


du^ 
^ dx 


q d^Orj 



= 5?/5 + lOt^ag 



7% + 14?^ga3 



= 9ug + ISu^a^ 



= GLq + ISie^ag 



tlci , — 



^3 



dx 



= SLg + 40!%Lg + 90t^5^ + Idu^hiM 



7^3' 



Hence 



dL, 



%% ^- = 7U7 + 7L/ - u^u^^ + 20u^LQa. 



'^ ^ dx 



u^Uq ^-^ := SUg + leU^Lg + 55%* + dOi^gU^a 



7^3 



dU 



^^'^'' dx 



8 



>• . (32), 



= 9VL9 - 21U/— 12U8L, .^ 54U^L/ ^ i)L,^^60uXl 



/5 v.- gttg 



-^ 



17. Expressions for a^, a^, a^, &c., in terms ofu^, L^, differential invariants and a^. 
These expressions are found consecutively by the aid of the forraulse which have 
just been established. Thus, 
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% — U.2 



C'q — — Ct-Q 



a 



u^ + a^ 



i 



tb. 



a 



'5 



a^z 



ar 



___ Lg 4- 2t6/ + 4%5% 4- %u^a.^ + %* 



1^2 2*5 



a^ = 



CL 



Ug + lOwg^ + STJ^Lg + L^e + ^%^%^Lg + 5^/165^ + 6t% (U7 + L/ + St^^iegS) ^^ 4. &^^ 



11^%^ 



^5 



16/U9 - 3U/ + &c. 



6^, 3 
* 5 



-Zi^o '2^ 



(33). 



Tn tliese formulse, and in their applications, it must be remembered that they imply- 
that % and t% are not zero at the point to which they refer. 



§ 3. Correlative Forms. 

18. The deduction of the equation to the reciprocal of a covariant from the equation 
to the original covariant, 

[The principle of duality, as applied to differential invariants^ is explained by 
Halphen (p. 56) in his thesis. In the case of covariants, the relation is still more 
interesting. 

The general investigation will come later^ but let us begin by considering the 
connection in its most elementary form. Let x, y^ be the coordinates on a covariant 
in either point- or line-coordinates, and X, Y^ the corresponding coordinates on 
the reciprocal in line- or point-coordinates. We express the correlative transforma- 
tion by 

X. = yi , X =^Yi 

> and inversely < 
Y = xyi — 2/ J I ^ =^ -^Yx — Y 



yi and Y^ being understood to stand for dy/dx and dY/dX, Then we easily find 



Y 



% 



X3 " 



y$ 



y^ 



3 ? 



\.=z " 74- — 7- and so on, 



with the inverse relationships. 

These equations enable us to express any function of Y^, Y3, Y4, &c., as an equi- 



OOVARIANTS OF PLANE CURVES. 1195 

* 

valent function of y^, y^, y^, kc, and Halphen has shown the " relationship between 
invariant functions. 

Our concern now is with covariants and especially with matrices. 

Obviously, the conditions to which a function is subject, in order that it may be a 
covariant function, are of the same form, whether the coordinates are point- or line- 
coordinates, and therefore the matrix of the reciprocal of a covariant, regarded as a 
function of Y2, Y3, &c., is a solution of O^F = 0. It is proposed, in the first place, to 
deduce the equation to the reciprocal from the equation to the original covariant, 
and, found in this way, the coefficient which we have called the matrix will be a 
function of 3/2, 2/35 &c., and as a function of these quantities it will not be a solution of 

To find the equation which it does satisfy, we will simplify the writing by taking 
the point x^ y as origin, so that we may write tt for tt — p and ^ for £ — x. The 
equation to the covariant is a rational integral function in n and f. 

Let y and a be the corresponding coordinates on the reciprocal curve with the 

relation 

af— TT — 7=0 (34). 

where the third letters which are usually inserted to make the equation homogeneous 
are omitted as unnecessary and, for the purpose, undesirable. 

Following the usual course (Salmon, 'Higher Plane Curves/ 2nd ed., p. 73), the 
equation to the covariant is now made homogeneous by using this equation, and the 
discriminant of the resulting equation^ considered as a binary quantic in tt and f, 
equated to zero, is the required equation to the reciprocal. 

It is not necessary that the whole of this process should be performed, for all that 
is necessary is to obtain the coefficient of the highest power of y in the resulting 
equation. We obtain it by putting a = 0, and hence the coefficient of the highest 
power of y is the discriminant of the highest group of homogeneous term in the 
original equation in tt and ^, treated as a hinary quantic. 

This coefficient is, of course, found as a function of y^, 2/3? • • • ? ^^^^ when replaced 
by the corresponding value in terms of Yg, Y3, it will be the matrix of the reciprocal 
and a solution of IlgF = 0. 

From the mode of formation of the coefficient of the highest power of y, it appears 
that, as a function of y^, 3/3, . . . , it is an invariant for changes of Cartesian coordi- 
nates, and therefore, as has been remarked in finding the condition resulting from 
the coefficient B^^ in the original homographic transformation (12), it will satisfy the 
equation 11^/'= 0. 

Before continuing the more general consideration of this relation we will illustrate 
this on the general osculating conic and its reciprocal. 

The terms of the highest order in the covariant conic are 

(a^a^ - a^) tt^ + a^a^ir^ -f a^^^^ 

7 N 2 
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and, therefore, the coefficient of y^ in the reciprocal will be, omitting a power of %, 

and this is seen to satisfy flti/= (25). 

On introduction of A^, A3, A^^ to replace Yg, Y3, Y^^, as a^, ag, % replace 3/2, 2/3? ^-^d 
y^, and omitting a power of A^, we obtain 

A A — A 2 

for the matrix of the reciprocal conic as a function of A2, A3, A^^, in which form it is, 
of course, a solution oi€l^ = 0. — Reivritten August 2, 1893.] 

19. Dual relation between the operators H^ and Si^^ 

The methods of solution of Ctif= and H^/^^ ^^ ^^^ alike, inasmuch as each 
depends upon a method of eduction starting from the solutions of the second and 
fourth orders. The general proposition is now stated, that if t^ be a solution of either 
n^f= or 02/= 0, in which 2/2? 2/3? &c., or, what is the same thing, a^, % &c,, are 
the arguments, and if in consequence of the substitution for these quantities of Yg, Y3, 
&c., or of A25 A3, &c., It becomes U, then U is a solution of the other corresponding 
equation, that is, of O2F = or O^F = 0. 

As far as the first three solutions of 0^1/= are concerned, it is readily verified 

that 

Zvoj ^4? ano. ^^5? 

become 

Ug, 4A3A4, — SAg^, and U5, 

divided respectively by Ug^ — U2^, and — Ug^ and numerical factors, where the index 
of the power of U2 is the weight of the function which it affects. 

If be a function of ac^, a^, &c., of weight iv and degree d^, on substitution it will 
become ©/Ug^^, where @ has the weight and degree of 6. Writing W and D^ for the 
weight and degree of ©/Ug^ we obtain 

W = — ^6^, I)^= d^ — ID, 
so that 

W + D, = - (2w - 4) and - (2W -- J),) = w + d, . . , (35j. 

Bearing in mind the conditions (18a) for the eduction of solutions of ilif= and 
0^2/= 0, it follows that processes which educe solutions of 0.c^f= from functions of 
the character of 6, will educe solutions of Xl^F = from functions of the character of 
©/Ug'^, and vice versd. 

As a consequence, in making a change from point-coordinates to the correlated 
line coordinates, or vice versd, the operators O^ and Og are interchanged. Or expressed 
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in terms of a^, %, &c., the coefficient of the highest power of y in a contra variant is 
a solution of €l^f=i 0. 

The proof just given is connected with the theory of eduction, but it is perhaps 
more simple to notice that the relation 

a^ — ^ — y = 

must hold not only for the original coordinates, but also for the coordinates in the 
general homographic transformations, and hence to deduce the dual relationship from 
the essential principles of this paper. 

That is, if we make infinitesimal homographic transformation for both ^, tt, and 
a, y, indicated by 

P IT 1 



f + "&y it' ~ Af + Btt' + 1 ' 
a y 1 

~af~VB^ "^ 7 "" cTTivTI ' 

as m xjLru. Ziy 

then, in consequence of 

a|^ — TT — y = 0, 

and 

Bi = C, A = Di, D + B = 0. 

Or A is replaced by (G or by) B^, and Bj by (D^ or by) A, while B is replaced by (D or 
by)-B. 

Hence the conditions derived from A and B^ are interchanged, while those derived 
from B remain unaltered (Art. 6). That is O^ and O^ are interchanged, and O3 is 
unaltered. 

20. Relations of the differential invariants, and the solutions of 0^/= and 
Og/ •=• Q to the ordinary invariants of a curve. 

Differential invariants appear in the processes of eduction, that is ultimately as the 
result of difierentiation, in three ways. Firstly, in a series of differential invariants 
only; secondly, from a series of solutions of Oi/= 0, ie., a series of differential 
invariants for change of coordinates or semi-invariants ; and thirdly, from the series 
which we have called matrices, which are semi-invariants in the correlated system of 
coordinates. 

The differential equation to a curve involves differential invariants only. If we 
find the series of first integrals (in the next section I illustrate, on the cubic, the 
general method of finding this series), we may form from among them the functions 
of differential invariants, of semi-invariants, and of matrices which are constant along 
the curve. These functions may be properly called (each in its proper sphere, as 
homographic or Cartesian) differential expressions for the invariants of the curve. 

It is perhaps worthy of remark that in showing the mode of integrating the 
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differential equation of conies, Mr. Elliott^'' does, in fact, illustrate these methods of 
procedure. 

§ 4. Application of Results to the Cubic. 

21. The differential equation of the general cubic. 

It has been previously shown that the order of this differential equation will be 9, 
the degree 10, and the weight 35. It is also a function of u^^ U^, Ug, and Ug, since 
it is easily seen that u^ cannot explicitly enter the equation. 

Written as a determinant, the equation is 

aa, ag, a<^, 2a^aQ-\-2a^aQ, a^^-{-2a^a.^-\-2ac^aQ, a^^ -\- Gac^a^a^-^ Sa^^a.^ 



a 



8 



ar 



a. 



6 



a, 



a, 



%> 


ag. 


a^ + 20-3^5, 


2a3( 


ag, 


^6. 


2%a4> 


%^- 


^5. 


a^, 


^3 5 


a^a 


%, 


%, 


0, 


a^ , 


ag. 


%. 


— ^2 , 






oan a A "J" oOioCto 



2 



octn an 



a. 








0. 



3 



From this we see that a^ and a^ enter only in the form a^^ag — a^ . 

Hence we have the terms u^XJrjXS^ — Ug^ + • • • Since the degree of these terms 
is 24, and weight 72, the differential invariant when complete must be divisible 
by u^Hi'. 

The differential equation therefore takes the form 

Determining E and T, either by the condition of containing u^ as further factors 
or by comparison with the determinant, we obtain 



i^/U^Ug - Ug^ - 4U/ - ISUg^Ug ™ 56U5S = 0, 



or 
where 



u/U,U, - \i - 4U/ + u/V 



5 ' 8 







(36), 



Vo = Uo + 8m * 



8 



^5 



22. The first integrals of the differential equation of the general cubic. 
From the equation to the general cubic, found as a differential covariant, it is 
possible to find a complete set of the first integrals of the differential equation. 
For the equation to the cubic being written in the form 

+ 3&3 (^ - 2/1 f - 2/ + yi^f + 6m (^-2/1^-2/ + yix) (f - x) 
+ 3% (^ - xf + 3cj7j - 2/1 ^ - ^ + yi^) = 0. 

* ' Messenger of Mathematics/ vol. 19, p. 5, 1889. 
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and expressing it in terms of powers of $ and r), we get 



,« 



- 3 (%i ■ 






0; 



the coefficients being easily written down. 

Now% whatever be tbe point {m,y) taken upon the curve^ we obtain the equation to 
the curve in an identical form, and therefore the ratios of corresponding coefficients 
in any two such equations are equivalent. 

This being the case, we obtain nine first integrals of the differential equation to the 
cubic, to which we may give the forms 



Vi 



K 



constant, 



Vi 



3 



9 1 \v ^ 

h ^ h 

y-yioo + jx 

&c. 



constant, 



i 



constant. 



On account of the obvious character of these expressions, I do not write them 
down, nor shall I perform the simple processes whereby they are simplified, but 
merely write down the final forms in which I propose to deal with them. 

For this purpose, write 



«3 &1^ 7, 




J. b^ "'3 










5 ^ &3 + "^ b^ - 


k. 


b ¥ b\b ' 


¥ 


2mb^ b^c^ byb^^ 
&2 "T &a "^ 63 


\ 







k 



a 



/'"" • # « 



(37). 
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Then the nine integrals take the form 



Vi- 



y 



k\ 1^4, — 



"1 


constant 




^3 

- -f- — cons 




X — h2- 


= constant. 




h, 


constant 




h 


constant 


^h\ "" 


- h^Jco^ 


constant 


h^i^ 


-V 


constant 


^1^3 


+ v 


■— " constant 


SJcjfcJc^ - 


^2^/ 


— constant 



> 



> 



^ 



^ 



(38) 



(39). 



of which the last six do not contain x^ y^ or y^. 

To select from among these six first integrals those which are functions of the 
matrices only. 

It is readily proved that 



Hg^i "~" 


-"^K 


^2^1 ™ 


: - Sk„ 


^2^2 


— K 


^2% ^ 


' 2a53, 


O3A3 — . 


0, 


^2^3 = 


= "°~ % 






^2^4 ~ 


-- 0, 



and forming the functional solutions of 



we get 



dh. 



2h 



'2 



dhc^ 
T 



dh, 
"0 



d\ 



3fc 






dh. 



h 



h. 



h 



■4 



14 """* '^s - 



■4 



djc^ 

• 



"^ 



OivAivorCa 



Zi/Cn 



• • 



• (40) 



• (41), 



forms which are at once recognized as being obtained from those of the last six inte- 
grals (39), by interchange of the subscripts 1 and 3 of h, and of 1 and 4, 2 and 3 of k 
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Hence the functions involved in the first integrals are the solutions of a set of 
differential equations analogous to (40), and it is the common solutions of these two 
sets of equations treated as simultaneous that we are seeking. It is easy to prove 
that the number of such simultaneous solutions is four, and they can easily be 
constructed as follows :- — 



3 



+ hihh — ^hh — KhY 



W42). 



Of these Pj can be shown to be Matrix of Hessian /(Matrix of General Cubic)^. 

23. To find the first integral of the differential equation to the general cubic which 
is a differential invariant. 

For this purpose we are to find a function of the P's which is a solution of 0^/*= 0. 
With rather more difficulty than in the case of fi^? we find 

h h. 

^\H = % — 3 - ^2 -— -^ /l], 

^vh ~ "" ^3 "~" 2 ~ /I3 — 2 y h^^ 

a,k, = 2h,h, + 4 V - 4 I ^3 + 2 I k,, 

a,k^ = 6h,h,^s^.^k,-s^k,. 

The problem is now to find functions of the P^s, which satisfy simultaneously 



and 



dh^ 


dh(2^ dh^ 


d\ dk^ dk^ 


dk^ 


h 


k^ — k^ 


m^ "" 67^i72.2 "^ 27^.1^3 + 4V """ 


6 V^3 ' 




d\ dhci 


dli^ dk^ dh<^ dk^ dk^ 






47^1 ~ 37^2 ■ 


2\ 6yti 57^2 47^8 ^\ 





the third equation being satisfied by each of the six first integrals. 
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The first of these equations is satisfied by 



and 



p/ - p. 



Hence 



2P;+ 3P3 - IOP1P2 + 14P]^ 
(Pi^ ~ T,f/{2V, + 3P3 ~ lOP^P, + 14Pi^)^ 



. . . (43). 



(44): 



is the function of differential invariants which gives a first integral of the differential 
equation, or in other words, is the absolute invariant of the cubic. 

24. The general form of the matrix of a cubic. 

In all cases the matrix is a function of u^^ Lg, and the differential invariants. In 
the most general case the matrix of the cubic will contain u^, but if we take the 
cubic to touch the standard curve (which is actually to be the curve itself), the 
matrix would contain only u^^. 

The coefficient of z^/ will also be simply a differential invariant, and, from the 
nature of the operators flt^ and O3, the complete form is found to be 

with the condition which will be presently seen 

Taking the point of contact with the standard curve as temporary origin, and 
writing the equation 

we shall have 
h = matrix, as above "] 

+ «a^ {</> + •/'iLe + <f>J^&' + 2/%} ag 

a = - uiu.^ (t|/3 + ^^^) - u^u-^ {(^1 + 2</,aLs) + w/ (2/+ V-^a) «3 
with the condition 



Also 



3&3 = - %3 (<^ + <^iLg + (^aLg^ + 2/%) 
6m = m/mj (<^i + 2<^3Le) - 2%2ya3 
Sag = ~ u^u^^2 -~ '^'^■if 



(45), 
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We may now form the coefficient of the highest power of y in the equation to 
the reciprocal curve. This coefficient is to be found, as has been shown, from the 
discriminant of the terms of the highest degree in this cubic, regarded as a binary 
cubic, and is therefore 

From this the equation to the reciprocal curve would be developed according to the 
previous rules but with an interchange of the operators H^ and Og. All the quantities 
in the expanded coefficient are, however, solutions of D.of=i 0, except ag, and hence 
the degree of the reciprocal curve is indicated by the power of a^ in the expanded 
expression. 

25. The matrix of the non-singular cubic, and its differential equation. 

The condition of intersecting the standard curve at a number of points coincident 
with the temporary origin is an invariantal relation, and in finding the condition we 
may treat the expressions as if they contained only differential invariants in their 
coefficients. 

Thus we write the equation to the cubic 

— Uc^^TT^ + u^H^<j>^7r^ - 11^ (2/+ 11^^.^) f + u^^/tt = 0, 
and, for the consecutive points on the standard curve, putting 



i=K 



we have (33) 



TT = U^h^ + ^ A5 _(_ JL /^7 _|_ ^k+1^ IS . -5_-<LZl— 7 



tic 



% ^5 



Of. ^'i'. ^ 
ti 



7/ 2TT _ 9TT 3 



'^hW 



Equating to zero the coefficients of the several powers of A, on sixbstitution for tt 
and ^ in the equation to the cubic, we get 



from the coefficient of h^ 



:>i 



?? 



?? 



?? 



?? 



?? 






xff^— and / + t%2<j&2 
7 02 



= 



"^ 



y . . (46). 
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These are sufficient to determine uniquely the coefficients in the matrix, and from 
the coefficient of h? we derive the differential equation to the non-singular cubic 

which becomes 

te/U^U, - Yi - 4U/ + u^\ = 0, 

and is identical with that previously found in (36). 
And the matrix of the non-singular ctibic is 

IT 3 __ Y L — [J L 2 

26. The matrix of the equation to the tangents to the cubic from the temporary 
origin. 

To find this equation, put it, =i m^^, and form the discriminant of the resulting 
expression in |^ as a binary quantic. Equating this to zero, replace m by 7r/|l 
Since we need only the coefficient of the highest power of tt, the simplest method of 
finding it is to put |^ = in the matrix of the cubic, and form the discriminant of the 
resulting expression in tt. 

The matrix required is 

963^ — I26C2, 

or 

(<^ + <^iL6 + <^^W)' - 4/(^ + ^iLg + t|.,^^^ . . (47), 

and the degree of this in Lg denotes the number of tangents which can be drawn. 

The conditions that the cubic may be nodal or cuspidal are that this matrix, as a 
function of Lg, may have a linear factor twice or three times repeated, 

27. Case of nodal cuhic. 

In this case we still determine uniquely all the ratios of the coefficients, except 
i////, by the condition that the coefficients of h up to the seventh vanish identically, 
while the differential equation is found by equating the coefficient of h^ to zero. 

The further condition, to determine xjjf is (47) that the discriminant of 

(/L/ + t^Le -^ JJ, ff ^ 4t.,Y(/Le + ^) 

may vanish. 

Writing k or t|i/2/, and x for Lg + k, this equation becomes 



X 



4 _ 2 (F _j_ u^) x^ _ Au^^x + (F + U^)^ - iu^-^k = . . . (48). 
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With the usual notation (I and J) of theory of equations 

I = (F + U,)^ - 3 V^, 

and the equation giving .^ is 

{(F + U^)^ - 3u,%]^ - {(F + U^)^ - f u,'Jc (F + U7) + %^ u,'r^ = 0, 

a biquadratic for h 

To find the differential equation we have 

and therefore 

«- {(Vs^ + 4U/)^ - Soi^^VsU/ (Vs^ + 4U7^) + 216^58U/}^ =: . (49), 

which contains the factor t%^^. 

The biquadratic from which k is to be found is 

U^yt^ -- i %^F + 2U/P --• f ^^U^y^ + W + f I ^5' = • • • (50). 
The discriminant of this is found to be 

16^58 {256U^^ ~ 27V]l 

And if 256X7/ •— 27tt^^ > 0, all the roots are real. 

In this case, fousr real nodal cubics can be drawn to have contact of the seventh order 
with the standard curve. If 256U/ — 27%^ < only two. If 256U/ — • 27%^ = 0, 
there will be two nodal cubics, the third being cuspidal, as will appear in the next 
section. 

Equiharmonic and harmonic cubics can also be drawn to have contact of the 
seventh order, and it is readily seen from the Theory of Forrus that k will in these 
cases be determined by 

(P + U,)^-~fV/c(F+U,)+¥%'=0 . ... . (51) 
and 

(F + Jlr^Y - du^% = ....... . (52) 

respectively, 
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the roots in the latter case behig all real, provided 

256U/ - 243t^5^ > 0, 

28. Case of cuspidal cubic. 

The ratio (^jf is now to be determined from the equations of condition, as well 
as y\}lf. 

Writing ii^<^lf':=. q^ we may write down the conditions from that obtained for the 
nodal cubic, viz., 

(F + qf - ?>u^^h = 0. 
\jc^ + ^)3 _ I ^^^4^ (p + ^) + 17 ^^8 ^ 0. 

Whence, 

256q^=27u^^ 



16F == 27 u^^ 



'^ 9 a e > « • e • • « { k) O 1 » 



and the differential equation becomes 



256U7^ -27t^5S = (54). 

29. To exemplify the use of the general forms of the equation to the cubic and of 

the matrix. 

The coordinates of the tangential of the origin are 

, ^ = — 



a ' 



and the matrix of the polar conic of the tangential becomes 

{<!>, + 2i>,\) [fu, + {cj> + <j,,L, + ^^V)] -frj,, 
Taking the general cubic this becomes 



(V3+2U,L,) 



"^h 






7^4 -r 3 

'^5 



+ t^ 



5? 



and the matrix (and conic) breaks up into factors, provided u^=z 0,sinceU/— VsLg— U^Lg^ 



contains the factor tc^^. 



That is, as is known, the tangent at a sextactic point passes through a point of 
inflexion. 

The matrix of the nodal cubic is given by 

b/u,^ = 2k + L, + ^^-^f=-^ u, ^ ul 



o 
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The biquadratic for h may be written 

Uy {B + U,)^ = 1 u,^ {¥ + 91X7/0 - \^ u,% 

and h^ + Uy contains the factor u^^. 

Hence, from the equation (48) for x, x ov k -^ Ijq contains the factor u^, and 
XJr^ — 2^Le — Lg^ or U/^ + ^^ "— (^ + Lg)^ contains the factor u^^, so that u^^ is a factor 
of the matrix b. 

The matrix of the polar conic of the tangential of the temporary origin is therefore 

and the tangent at a sextactic point will pass through the point of inflexion. 
Evidently there can not exist any sextactic point on the cuspidal cubic. 



§ 5. Invariant Coordinates and Invariantal Equations. 

To make it possible to use the methods of this paper to investigate the properties 
of the higher plane curves, it is desirable to effect some gain in brevity and lucidity 
without any sacrifice in generality. This is the object of the system of invariant 
coordinates, which are introduced in this last section. 

The matrix from which the equation to a covariant curve is developed contains 
it^. Lg, and invariant functions. The order of the curve^ in general, depends upon the 
mode in which u^ and Lg enter the matrix, and its characteristics upon the ratios 
between the invariant functions. These ratios have the properties which entitle them 
to be regarded as the invariantal coordinates of the curve whose equation is developed 
from the matrix. In especial, I shall show that this is the case in the equation to a 
covariant straight line, or line of homographic persistence, and, from the consideration 
of such lines, arrive at a definition of invariant coordinates of a point of homographic 
persistence. After showing that we obtain a dual invariant system of point and line 
coordinates, I ultimately develop a mode of representing a curve by an invariant 
equation, which will be much shorter than the covariant form of the equation which 
we have as yet considered. The coordinates to the curve will be the characteristic 
invariants of the curve, and none of the homographic peculiarities will be sacrificed by 
the abbreviation. 

30. Introduction of invariant coordinates of a homographically persistent point or 
curve, and of an intrinsic invariant equation to such a curve. 
The general equation to a covariant line takes the form 
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where all the functions ^ contain differential invariants only. Such a line may be 
called homographically persistent with regard to the standard curve. 

Indicating a second homographically persistent line by a similar notation, but using 
dashed functionSj we may find the coordinates of the point of intersection in the form 



• « 



where 



TT = u^Kju^k. + C + Bag 
^ = u^lUi^L + C + Bag 



A = — Mg^ (</)3</)3' — 9f)2>3) 

B = Mg {(<^3<^l' — <?^3'^l) — ("^2*^3' — ^2'</>3) Le) f^ 

C = (<^l<^s' — <^l'^2) + 2 (<^3<^/ — (/)3'(^i) Lg — (<^2<^3' — <^2>3) Lg^,, 



(55), 



or, more shortly, 



A 



u^^\ 



'\ 



B = ^5 (/x — XLg) [> (56). 



XL 



2 

6 J 



We may call such a point a point of homographic persistence with regard to the 
standard curve. 

Treating (Xifiiv) as determining the position of a point, and (<^i ^ </>2 * ^/^s) the 
position of a line, the condition that (X : jjl :v) may lie on (<^j^ : ^^ • ^s) ^^ 

Hence these form correlative systems of point- and line-coordinates. 
Tf two lines (</)^ : <j&2 : </>3)j {(j)\ : ^'2 • ^'3) i^^et in (X : /x : i^) 



/^ 



z^ 



4>p ^3 


^3> ^1 




^P 


^2 


Sf>'2> ^'3 


^'3' ^'1 




^'1^ 


^'2 



and if two points (X : /x : i^), (X' : /x' : j/') lie on {^^ : (f><^ : (j)^) 



^1 




^2 




^3 


f / 
fM, V 
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If three points {kip.: p), (k! : yj : v)^ {X' : jli" : v^') lie on a straight line 



i\ • fX • hXj 

// > 



X". ^^ " 



0, 



and so on. 

I define (X : /x : v) as the invariantal coordinates of the point,, and (^^ ' ^s • ^s) ^^ ^^^ 
invariantal coordinates of the line. 

The condition that (X : [jl :v) may lie upon a co variant curYe of the n^^ order will be 
an invariantal relation between X, /x, v and the coordinates of the curve, homo- 
geneous of the ff^ degree in A, /x, v. 

It follows that if y(X5 fx, v) = expresses this relation, it is, in this system of 
coordinates, the equation of the curve. I shall call it the intrinsic invariant equation 
to the curve. 

The coordinates of the tangent to the curve at (X : /x : v) are 

df ^df ^ df 
dX ' dfjb ' dp * 

If (X' :/x' :v) lies on the tangent to the curve at {X: jjl : v) then 

Taken with /(X, ^, v) = 0, this gives the coordinates of the points of contact of 
tangents from (X' :/x' : v), and, being of the n — 1*^ degree, it represents the first 
polar of /(X, fjL, v)=: at (X' : /x' : v). 

Finding the first polar of this again, the second polar of /(X, /x, ^) = has the 
equation 



X 



3 3 3\^ 



0. 



It is unnecessary to carry this further to determine how far the ordinary methods 
of geometry apply to this novel system of coordinates, since the character of the 
analogy is obvious. 

31. The values of the differential invariants at different points on the curve. 
The coordinates of any point on a covariant curve were, (55) and (56), given in the 
form 

TT = ~ %%/Y / --- {ii^u^^ + Lg^ + uj^^a^) Y + (Lg + n^a^) X + ] , 

£ = ~ u^u, (LeY -- X) / -- {ii^u,^ + L/ + u^Jj^a^) Y + (L^ + '^5^3) X + 1, 
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where X and Y have been written for iijv and \lv respectively. Here X and Y are the 
variables as we pass along a curve, and d^Y/dX.^^ &C.5 are to be found from the intrinsic 
invariant equation to the curve which we may write/ (X^ Y) = 0. 

The relations between ^, tt and X, Y are of the form of a homographic transformation, 
and therefore any of the functions of d^rr/d^^^ &o,, which we know to be differential 
invariants, will only differ from the similar functions of d^Yjd'X?, &c,^ by a factor, of 
which we know the form, which will contain u^^ Lg, and %. 

It will not be possible to express the value of a differential invariant at (X, Y) in 
terms of X, Y and differential invariants at the origin only, unless the said differential 
invariant is absolute, but the invariantal coordinates of a point of homographic 
singularity will be found by applying the condition immediately to/(X, Y) = 0. 

Obviously, if the intrinsic invariantal equation is regarded as the equation to a 
curve in the ordinary sense, that curve will have the same homographic singularities 
as the covariant from which it is derived, and the coefficients in the equation are 
differential invariants. Hence we are led to the simpler method of finding the 
conditions for the existence of homographic singularities in terms of differential 
invariants, namely, the immediate application of the ordinary theory of forms to the 
intrinsic invariantal equation treated as a ternary quantic. For this reason, the equation 
in this form may be regarded as the canonical form of the equation to the curve, 
since the coefficients are the differential invariants which characterise the curve. 

I proceed to illustrate this upon the conic and cubic. 

To obtain the intrinsic invariant equation, we may omit all terms which are not 
purely invariant from the coefficients in the covariant form of the equation and 
substitute — u^u.^Xjv or — u<^Ur^Y for tt, and u^u^iijv or ii^u.^ for ^. I shall retain 
A, jit, v» 

Thus, the intrinsic invariant equation to the osculating conic is 

\v '\' 11^ :=^ 0. (S'^)- 

32. Illustrations in the case of the cubic. 

The intrinsic invariantal equation to the general non-singular cubic is (omitting a 
factor containing %) 

u^\^ (VgX + U^/x) + (U/X - Vg/x + U,z^) {\v +>^) ^ . . , (58), 

and that of its Hessian is consequently 

6t^5^V8X+2i^5*U7/>t+2U/z/, 2t^5^U^X+2U//x— Vgi^, 2U/X — Vg/x. + 2U^^ = 0. 
2^5'^U/X + 2U//X —Y^v, 2U^^X — eVg/x + 2U^z/, - VgX + 217^/^ 
2U./X — Vg/x + 2X7^7/, — VgX + 2U^/x, 2U7X 
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If (X^ : fjLi : Pi) lies on the tangent at the origin, IJ^Xj = 0, and for the tangential of 
the origin X^ z= 0, [Xii Vi= U^ : Vg. 

Hence, on a non-singular cubic we can have neither U^^ = nor Vg = 0. 

Also, on substitutioQ in the equation to the Hessian, we obtain u^ = 0, or, if the 
tangential is a point of inflexion, the origin must be a sextactic point, as is well 
known. 

The equation to the conic of closest contact at the origin is 

\v -^ [ji^ = 0, 

and to the polar conic of the origin is 

So that 

U/X - Vg/x + U^z. ==0 

is the equation to the common chord of these two conies, and it is the tangent at the 
tangential of the origin. 

The second tangential of the origin lies on 

VgX + JJ^fji = 0, 

that is, lies on the common chord of the cubic and the conic of the closest contact. 

The coordinates of the point at which this chord meets the cubic again, or the sixth 
point in which the osculating conic meets the cubic, are given by 

\ fJL P 



Uy UyVg — Vg 



and, therefore, Vg/x ■— JJ^^v = is the equation to the line joining this point to the 
tangential of the origin. 

The cordinates of the third tangential of the origin are given by 



U/" ^,v^n "" --(U/~M./)' 



and are independent of Vg. This point is the corresidual of the eight consecutive points 
on each of the several cubics in which Vg is arbitrary. This is also a known property, 
but the method allows us, with little difficulty, to prove properties of which oth 
analytical proofs are laborious, 

7 P 2 
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^S, General method of finding the form of the intrinsic invariant equation to a 
curve of any order. 

It will not be necessary to pass through all the steps which I have taken in 
developing this theory of intrinsic invariant equations. 

If we have an equation to a covariant curve, say / (tt, f ) = 0, and if F (X:/x:z^) == 0, 
or F (X, Y) =1^ 0, is the corresponding intrinsic invariant equation where X and Y stand 
for IX jv and Xjv respectively/ then the relations between tt, ^ and X, Y are essentially 
of the character of a homographic transformation. Hence, if for points near the 
origin in the covariant curve rr is written a.Ji^ + a^h^ + arp + . . . , and h is put 
for ^, while in the intrinsic invariant equation Y is written K^^ -^ KJv" ■\' K^W + • • • ? 
where h is put for X, and if a^, ag, a^, &C.5 are written for the invariantive portions of 
^35 ag, a^, &C.5 then A3, A5, K^i differ from the values of a^, ag, a^, &c.j by factors of 
the character which we have considered in the earlier part of this paper. 

Thus d^n = Dp^'^^^g^'^^^A;^, where ^^ and q stand for the expressions corresponding to 
those written fi and \ in (2). 

In general D = — u^Ur^, and at the origin 

q — n^Ur^, p—1. 
Therefore, 

a,, = — '^3^^5^ {"^^z^^h)"''"^ ^m ^^- Ki — "--' u.^^'^H^'^h. 
therefore 

A3 = — 1 

A5 = — u.^ 

JrLiy — —"• Ufr KJ ly 

As = - Wg^Wg, where Wg = Vg + 2u,\ 



m 



and, comparing with (33), generally 



Kn = — n^^Wn^ 



Hence the value which, near the origin, is to replace Y is 

- hy-- u,^ {h' + Tip + W^¥ +...). (59). 

Taking the general equation of the intrinsic invariant of conies as 

e,\^ + d,\ij. + {e, + e,)iJL^ + 0,\p + 0,ixp + ev^ =o, 

and substituting for X/z^ and iijv, the values shown above, we find all the invariant 
coefficients vanish except ^3, and thus 
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Xp "{" [JL^ =^ 

is, as before, the intrinsic invariant equation of osculating conies. 

So we may, without further investigation, find the similar equation for osculating 
cubics as we have found it above. 

The equation to the osculating curve of each order will aid us in finding that of 
the next ; thus, the general form of a non-singular osculating quartic will be 

0^X «XS - Xfip - fi^) + 0^X^ {Xp + [JL^) + ^3 (Xp + fjL^f 

+ (^^x + e^iJL + dQp){u^^x^ (VgX + u^ja) + (u^^x -«- Vs/x + u^^) {Xp + ^^)] == o. 

The forms of the functions d can be found, but they depend upon differential 
invariants of a higher order than those of which the values have been investigated. 



